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A molecular model applicable to prenucleation water clusters is described. As an illustration the model
is applied to water clusters having clathrate-like structures comI?os~d of five-member~d ri";gs. Th.is. work
was motivated by the apparent inadequacies of the corrected liqUId drop model which (Ill additIOn to
applying bulk properties to small clusters) predicts nucleation rates which may be as much as 1017 larger
than experiment. We present the "energy of formation" at a temperature of 277°K for our molecular
model for clusters ranging in size from 5 to 57 molecules. These results agree qualitatively with experiment and, we believe, provide a motivation for further development of the molecular approach.

I. INTRODUCTION

We present a molecular model for prenucleation
water clusters whiCh has specific application to the
homogeneous nucleation of water from a supersaturated
vapor. In a calculation of the steady-state nucleation
rate it is necessary to know the quasiequilibrium size
distribution of water clusters in the supersaturated
system.l In the past this size distribution has been
approximated assuming the classical model, i.e., that
the water clusters are spherical liquid drops2.3 with
bulk properties such as surface area and surface tension. The size distribution requires the determination
of t.~O(g), the standard change in Gibbs free energy
accompanying the formation of a cluster with g molecules from g monomers in the supersaturated vapor at
the temperature, T. In the classical model t.~O(g) is
given by2
(1)
where IT is the surface energy per unit area, ro is the
radius of the g cluster, and S is the supersaturation.
Once t.~O(g) is known the size distribution is obtained
from
N(g)=No(l) exp[ -t.~O(g)/kTJ,
(2)

where N(g) is the number of clusters with g molecules,
and N o(l) is the equilibrium number of monomers.
For many years this classical model has predicted
nucleation rates which are roughly the correct order
of magnitude and has given reasonable agreement with
critical supersaturation measurements.4.5 However, in
1962 Lothe and Pound6 reopened a question originally
noted by Kuhrt7 and later by Frenkel 2 concerning
terms missing from this so-called free energy of formation
of the g cluster. The expression given in Eq. (1) accounts for bulk energy and surface energy of the cluster
but does not include the energy of translation and rotation of the center of mass. When this energy is included
the size distribution is increased by approximately 1017
and for the condensation of water vapor the quantitative agreement with nucleation rate experiments is
destroyed.8 However in modifying Eq. (1) the matter
is not as simple as adding the translational-rotational
energy. One must also account for the energy available

from the deactivation of six degrees of freedom in the
bulk.9 This additional term has been called the replacement term6 and it is on its estimation that current controversies center.
The classical model has many merits. It avoids the
formidable problem of treating each cluster on a molecular basis and relates the free energy of formation to
measurable bulk properties. However these properties
such as surface tension and surface area have a questionable interpretation for clusters with less than 100
molecules and in addition one faces conceptual difficulties with the corrected classical model because of the
inability to uniquely relate terms in the statistical model
to terms in the classical model. These difficulties could
be avoided by a complete statistical mechanical treatment. However the complete treatment requires a
realistic potential for the cluster-vapor system. A
modification of this approach has been attempted for
argon clusters using a Lennard-Jones potential. lO But in
the case of water a realistic intermolecular potential
which can be applied to an arbitrary number of water
molecules is not availablell and would in any case be
impractical for use with large clusters.
Our approach has been to take advantage of just those
properties of the water molecule which make its intermolecular potential so difficult to handle. That is, we
assume a relatively strong hydrogen bond (""lOkT at
room temperature) and impose what we feel to be
reasonable criteria for a cluster structure model. Cluster
models l2 are constructed which (1) maintain nearly
tetrahedral angles between hydrogen bonds, (2) maximize the number of bonds, and (3) require the highest
degree of spherical symmetry for the cluster as a whole.
These models are then used to approximate the cluster
partition function and finally the energy of formation
of the cluster and the cluster size distribution. In this
paper we report our results assuming closed and partially closed clathrate structures composed of fivemembered rings ranging in size from 5 to 57 molecules.
Except for satisfying the criteria stated previously,
the clusters we have chosen are arbitrary and they are
not claimed to exist in the supersa tura ted vapor. Furthermore the cluster structures considered are necessarily limited in number and as such could not com-
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Z(g) is the partition function for the g cluster. With
Sl(g)=gSl(l) 13 one arrives at the standard result:
N(g) = [N (1)/ Z(1)]OZ(g).

(7)

This can be written in the form

N(g)=No(1) expl-tlcp(g)/kT},

(8)

where

tlcp(g) = -kT In[Z(g)/No(l)]
+gkT In[Z(l)/No(l)J-gkT InS.

FIG. 1. Twenty molecule single cage structure.

pletely describe the supersaturated vapor system.
However we feel that this constitutes a first step in an
approach which incorporates characteristic properties
of the water molecule explicitly without sacrificing the
feasibility of a solution. As such it offers an alternative
midway between treating 5-100 molecule water clusters
as liquid drops and the nearly impossible complete
molecular treatment. A number of approximations have
been made in our evaluation of tlcp and we view this
work as an indication of the possibilities of such an
approach rather than as a rigorous determination of
tlcp.
II. FORMALISM
A. The Size Distribution
We use a statistical mechanical expression for the
size distribution based on the traditional assumption
that the supersaturated vapor system consists of a
mixture of noninteracting ideal gases. Each collection
of clusters with g molecules is assumed to be an ideal
gas of indistinguishable particles. The grand partition
function :E: for this system is the product of grand partition functions for the component gases, :E:(g), and is
given by
:E:= II
y

2:

N(g)

exp[N (g)Sl (g)/kT]Z[N (g)],

(3)

where N (g) is the number of clusters of size g and
Z[N(g)] is the canonical partition function for the
gas of g clusters. Since

Z[N(g)]= Z(g)N(g)/N(g) l

(4)

N(g)=kTiJ In:E:/iJSl(g)

(5)

N(g) = exp[Sl(g)/kT]Z(g);

(6)

and
one obtains

(9)

The supersaturation, S, is N(1)/No(1)=P/Po• P is
the vapor pressure in the supersaturated system and
No(l) is the equilibrium number of monomers at the
temperature T (and equilibrium vapor pressure, Po).
In analogy with Eq. (1) we refer to tlcp(g) in Eq. (9),
as the "energy of formation" of the g cluster. The
problem thus reduces to evaluating the partition functions, Z (g), for our choice of cluster structures.
B. The Cluster Model
It is not known whether aggregates of water molecules such as the prenucleation clusters have welldefined, preferential structure or whether no structure
exists beyond nearest neighbors. However since local
structure appears to be retained in liquid water,!1
(where densities and collision rates are high) it is reasonable to consider that structure plays some role in precondensation nuclei (where the collision rates are
lower and a structure once formed, may have a longer
lifetime). However, the clusters in the supersaturated
vapor do grow and disperse at least partially upon collisions with the carrier gas and vapor molecules; and
internal vibrations excited by previous collisions can
result in spontaneous emission of molecules from the
cluster. Therefore, if we are to assume that the cluster
structure is meaningful, we must assume (1) that the
lifetime of a given cluster structure is sufficiently long
that its internal vibrational spectrum can be characterized and (2) that the supersaturated vapor system
can be described on the average as a quasiequilibrium
distribution of water cluster structures. In the case
of water the geometry and strength of the hydrogen
bond are the major driving forces for cluster formation. Since the hydrogen bond energy is about lOkT
this appears to be a reasonable assumption. The cluster
internal normal mode oscillations in our calculations
have a maximum period of about 10-11 sec; this is appreciably shorter than the time between collisions
(10-7 sec at 1 atm). Thus our assumption of a wellcharacterized internal vibration spectrum appears justified as long as the cluster is relatively stable between
collisions.
The clathrate structure proposed by Pauling!4 is a
particularly favorable model both from the standpoint
of energetics and symmetry and fulfills the criteria set
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spectrum for representative clusters.
The height of the lines represents the
number of modes per unit frequency
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forth in Sec. I. Furthermore the extension of this model
to several cages provides considerably more symmetry
than an ice-like lattice. However the perfectly ordered
clathrate structures adopted here cannot be extended
indefinitely in size. They exhibit considerable strain
as the number of molecules exceeds 80. Beyond this
size it becomes difficult to maintain the closed cages
without grossly distorting the bond angles and bond
lengths. Therefore as a first step in the analysis of
specific cluster structures we have limited our study to
small clusters composed of pentagonal rings and specifically to those consisting of 5, 8, 10, 12, 15, 17, 20, 27,
30, 35, 39, 40, 41, 45, 47, 50, and 57 water molecules.
The 20 cluster structure is shown in Fig. 1.
C. The Partition Functions
We assume the following form for Z(g), the cluster
partition function:
Z(g) =Zt(g)Z,(g)Zr(g),

(10)

Zr(g)=Zv(g) exp[ -EB(g)/kT].

(11)

where

Zv(g) is the vibrational partition function and EB(g)
is the g cluster binding energy. The translational partition function, Zt(g), is that of a body of mass gm
(where m is the mass of a water molecule) in a volume V
and is given by
(12)
Assuming a rigid cluster, the rotational partition func-

(em-I)

tion, Zr(g), is

The principal moments of inertia, h 12 and 13 are obtained by treating the component water molecules as
point masses in the cluster; I) is the symmetry number
corresponding to the number of physically indistinguishable rotational orientations.
Implicit in Eq. (11) is the assumption that the cluster
can support vibrations about some equilibrium configuration. For these calculations we have assumed only
one structure for each g sized cluster. To find the normal
mode vibrations one should assign a set of generalized
coordinates representing the displacement of every atom
in the assumed cluster structure from its equilibrium
position, and (since the potential is unknown) choose
a set of force constants corresponding to all internal
motions. Such a program is not reasonable for large
clusters since it requires a disturbing number of arbitrarily assigned force constants. In addition, it is impractical since the potential energy matrix rapidly
becomes too large for diagonalization with available
computer facilities. In the interest of feasibility we
assume that the (3g-6) intermolecular vibrations, the
3g intramolecular vibrations and the 3g molecular
librations are decoupled and that each can be described
by normal mode oscillations about their respective
equilibrium positions. This approximation is consistent
with the wide separation in the characteristic frequencies each of which can be essentially attributed to one
of these types of molecular motion. With this assumption Zv(g) can be factored into the intramolecular,
the librational, and the intermolecular vibrational con-
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TABLE

r.

The intramolecular and librational frequencies.
Intramoleeulara frequencies (em-I)

1'12=3545
"22=3555
1'32=3470
1'42=3470

VH =3695
"21=3690
1'31=3565
V41 =3565

V13= 1645
1'23= 1650
1'33= 1655
1'43= 1655

Librational frequencies (eml)

Jl61=384
1'61 =312
1'71 =384
1'81=456

1'63=624
1'63=600
1'73=536
l'33=608

1'62=480
V62=464

1'72=480
1'32=512

a The first index indicates the number of bonds.

tributions:
Z.(g) =Zintra(g)Zlibr(g)Zinter(g).

(14)

The normal mode frequencies for Zinter(g) are calculated directly by assuming that the water molecules
are point masses and that the potential energy may
be written
i,i

i,j,k

where D.rij is the change in bond length between molecules i and j and D.ai;k is the change in angle between
the molecules i, j, and k; Kr and K" are the corresponding force constants. Uo contains all other functional
dependence of the potential energy which, to be consistent with the stated assumptions, will depend on the
equilibrium positions of all the atoms and (quadratically) on the small displacements of the atoms within
each water molecule in the cluster. Uo, by assumption,
contains no coupling between those coordinates describing the intramolecular, intermolecular and librational
motions. For Kr we use 0.19X lOS dyn/cm and for K"
we use 0.0362 X 105 dyn/cm,15 approximately the force
constants for ice. 16 The resulting intermolecular normal
mode frequencies are in the range 20-240 cm-I . Figure
2 shows these frequencies for seven representative
clusters.
The intramolecular and librational frequencies were
estimated in the following way. For a cluster of g molecules 17 we adopt the prescription:
Zintra(g) = (Zl )Nl (Z2)N2(Za)N3 (Z4)N4,

(16)

Zlibr(g) = (Zs)NI(Ze)N2(Z7 )N3(Zs)N4,

(17)

where Ni is the number of molecules participating in i
bonds and
Zi=

II

exp( -chvii/2kT)

;=I.a1- exp( -chllii/kT)

(18)

The Vij are given in Table 1. The intramolecular frequencies, IIlj-V4;, for the different bonding configura-

tions were determined in a separate calculation on small
clusters in which all the hydrogens were included. The
dimer frequencies were made to fit with experimental
results lS by adjusting the force constants. These force
constants were subsequently used to calculate the
frequencies for the trimer and tetramer. The dimer
frequencies were then assigned to one-bonded molecules, the frequencies unique to the trimer to twobonded molecules, etc. The frequencies for three and
four bonded molecules were taken to be the same. The
librational frequencies were estimated from experimental data l9 of water adsorbed in crystals. In each
case the frequencies used were those associated with
water in an environment most closely approximating
that in the proposed structures, i.e., those participating
in one to four bonds with appropriate symmetry. These
libra tiona I frequencies are probably accurate to within
20% and were used in the absence of direct calculations
or more applicable data.
The total binding energy for the g cluster, was approxima ted as

where Ei is an estimate of the dissociation energy of
the ith bond. For these calculations EI = 6.10 kcal/mole,
E 2 =6.28 kcal/mole, Ea=6.36 kcal/mole, and E4=6.4O
kcal/mole. These estimates were taken from IND020
type calculations on small clusters containing two to
five water molecules. 21 The geometries used in these
bond energy calculations approximated those found
in the proposed cluster structures.
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III. RESULTS AND CONCLUSIONS
•
•

In summary the "energy of formation" for the molecular model is defined as
!:.q,(g )/kT= [F;nter(g)+ FTR(g)

+F intra(g) + F libr(g)

+FB (g)]- g[FTR (1) + Fintra( 1) -InS]
=F(g)-gF(l),

~

40

'"
~

30

20

(20)

10

o

and FB=EB/kT.

Fig. 3 illustrates the contribution of some of the terms
in Eq. (20) to the total energy of formation. The major
structural dependent features are reflected in the terms
Finter and FB. Structures with completed cages, e.g.,
g=20, 35, 47, and 57, have larger binding energies than
other clusters of comparable size. Furthermore, these
completed structures do not exhibit the low normal
mode frequencies characteristic of the open structures;
hence I Finter I for the completed cages is smaller than
for open structures with approximately the same number of molecules.
Since our intent was to consider only the most stable
structure for a given sized cluster, the more open geometries were excluded from this study. An extensive
study which would include all sized clusters, constructed
of partial as well as completed five membered rings,
would yield a vast number of clusters with higher
energies of formation than the majority presented
here. These open structures would have increased
numbers of one or two bonded molecules and could
thus support lower frequency normal mode oscillations.
An even more important effect is the reduction in binding energy exhibited by the open structures. The latter
results from a decrease in the number of bonds per
molecule and hence in a reduced strength of the average
bond.
The results for the total energy of formation are
shown in Fig. 4 for S= 5 and a temperature of 277°K.
As would be expected from our model, the energy of
formation is not a smooth curve but displays maxima
and minima characteristic of the varying stability of
the clusters. The solid line is the classical free energy as
calculated from Eq. (1). Agreement with the classical
result is satisfactory for a range of temperatures around
the freezing temperature. However, we should point
out that the temperature dependence of the molecular
model differs from that of the liquid drop model. In
the molecular model the energy of formation increases
with increasing temperature, whereas the opposite is
true in the liquid drop model. The variance of the
energy of formation with temperature and critical
supersaturation is the subject of additional studies now
in progress. We note that the temperature dependence
exhibited by our molecular model is similar to that obtained in the study of argon clusters. lo
We consider the agreement of our model with the

..

<I

where
F«(g)= -lnZa(g)

HOlECll..M HODEL
L1au fO-DROP
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40
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9

FIG. 4. Energy of formation as determined by the classical and
molecular models for g-sized clusters.

uncorrected classical free energy of formation (see
Fig. 4) and hence with experiment quite surprisingparticularly in view of the approximations involved.
However the results would be sensitive to small changes
in binding energies and librational frequencies and
we prefer to view these results as incentive for further
pursuits of cluster structure rather than as a successful
prediction for !:.q,. Other structures including the ices
are being investigated. Our preliminary results on ice I
indicate that these structures have a higher energy of
formation than clathrate structures of similar size. In
conclusion we feel that the results of our molecular
model convincingly display that an alternative to the
liquid drop model exists and merits further study.
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The effect of unitary transformations among the occupied orbitals of the beryllium atom is discussed.
It is shown that pair-pair interaction energies become large for choices other than the canonical RoothaanHartree-Fock orbitals. The many-body perturbation theory diagrams responsible for these effects
are discussed.

In the first two papers in this series1 ,2 we have
investigated the effect of unitary transformations
among the occupied Roothaan self-consistent-field
(SCF) orbitals on the independent-electron-pair estimate of the correlation energy of LiH and BH. Similar
results have also been reported for neon. 3 No explanation was offered in these previous papers for the
results obtained. In this paper similar results are reported for the beryllium atom along with a theoretical
discussion of their meaning.
If a decomposition of the correlation energy similar
to that employed by Nesbet4 and Sinanoglu5 is used,
energy increments for a sequence of wavefunctions are
computed. If the wavefunctions employ nested subsets of configurations, the importance of various types
of configurations may be judged. In this paper the
energy increments were considered for the beryllium
atom. If r/Jo is the SCF wavefunction, r/Ji a is an L, S
eigenfunction formed from the replacement of orbital
"i" by orbital "a," r/Ji/w is an L, S eigenfunction formed
from the replacement of "i" and "j" by "a" and "b,"
etc. (notice that i refers to space orbitals and not spin

orbitals), then

(i=ls,2s),
a

!fij=rfJo+

L

(i,j=lsor2s),

Cijabr/Jijab

ab
!fJ=rfJo+

L

Cijabr/Jijab+

ab
!fiik'=rfJo+

L:

L:

(Ciar/Jia+ctr/Jt),

a
(Ciiabr/Jiiab+Cikabr/Jikab)

+ L: Ciikabcr/Jiikabe ,

ab
!fii-kl=rfJo+

L:

abe
(Cijabr/Jijab+ Cklabr/Jk lab) ,

ab
!fiijj=

rfJo+ L:

(Ciiabr/Jiiab+Cjjabr/Jjjab+Cijabr/Jijab) ,

ab
!fiij/

=rfJo+ L: L
Xu, I iihl ab

ab
CX"abr/JX .. +

L:

abcd
Ciijjabedr/Jiiji
•

abed

From the energies associated with each of these variational wavefunctions, Eo, E;, Eih etc., one can form

